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Theory of Local Heat Transfer in Shock/Laminar
Boundary-Layer Interactions

George R. Inger*
lowa State University, Ames, lowa 50011-3231

A fundamental theory of the local heat transfer disturbances in supersonic and hypersonic shock/
laminar boundary-layer interaction zones is given, based on an asymptotic nonadiabatic triple-deck model
that is formulated using the reference temperature method combined with a total enthalpy form of the
energy equation. Analytical and numerical results are presented and compared with experimental heat
transfer data for compression corner-generated interactions. The predictions of the theory provide strong
support for important but empirical observations on the behavior of interactive heat transfer when

separation occurs.

Nomenclature

= Chapman-Rubesin parameter, p7../w.. T

skin friction coefficient, ZTW/pin

specific heat

total enthalpy, C,T + u*/2

incipient separation correlation constant, Eq. (31)

" = (y + DN"MZCiiee®4p "

reference length, Fig. 1

Mach number

Prandtl number

static pressure

wall heat transfer rate

Reynolds number = &% p.. U. L/

= total streamline slope along the boundary-layer
edge, v./U. + 0z

= absolute static temperature

freestream total temperature, H,, /C,

= freestream velocity at edge of incoming boundary

layer

velocity components in x, y directions,

respectively

= streamwise and normal coordinates, respectively

(Mz _ ])1/2

specific heat ratio

displacement thickness variable

= undisturbed boundary-layer displacement

thickness

flow deflection angle

K/IN"6,,

0.332, Blasius solution constant

coefficient of viscosity =pv

density

wall shear stress

viscous interaction parameter, CrerM 3 Re;

= unified supersonic-hypersonic interaction

parameter, M..xX/B

viscosity temperature-dependence exponent,

p~ T
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Subscripts

ADIAB = adiabatic wall conditions

B = body surface

e = local inviscid flow conditions at boundary-layer
edge

i.s. = incipient separation

REF = based on reference temperature

w = wall surface conditions

0 = undisturbed boundary layer ahead of interaction
zone

e = freestream conditions

Superscript

A~ = nondimensional variables from triple-deck theory,
Egs. (12-19)

I. Introduction

NTERACTIONS between oblique shock waves and bound-

ary layers must be understood to predict the performance
of aerodynamic devices such as flaps, spoilers, and inlets.
These involve strong viscous/inviscid interaction flow with a
large adverse pressure gradient that often provokes boundary-
layer separation. The prediction of the onset of such separation
and the delineation of the underlying scaling laws that govern
it continue to be important in aerodynamic studies of high-
speed aircraft and missiles; these vehicles operate and are
tested over a wide range of Mach and Reynolds numbers. This
paper re-examines the fundamental similitude rules pertaining
to the laminar (high-altitude) flight regime, with the goal of
establishing a single unified scaling law for the incipient sep-
aration pressure from supersonic to strongly hypersonic Mach
numbers on nonadiabatic surfaces.

Knowledge of the corresponding heat transfer disturbances
in such interaction zones is also of concern because of their
importance in the aerothermodynamic design of cooled hyper-
sonic flight vehicles and because such heat transfer is itself an
important diagnostic in understanding the interactive flow and
its separation. Although a significant experimental database on
shock/boundary-layer interaction (SBLI) zone heat transfer has
accumulated, along with purely computational fluid dynamics
(CFD)-type predictions, comparatively little has been done on
the basic theory of the problem. Thus, while asymptotic (triple-
deck) methods have been fruitfully and extensively applied to
analyze all aspects of the local pressure and skin friction be-
havior under adiabatic wall conditions' > and to establish the
similarity rules governing incipient separation in both super-
sonic and hypersonic nonadiabatic flows,*’ only two investi-
gations have addressed the interactive heat transfer disturbance
aspect per se. One of these dealt strictly with subsonic flows
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around small bumps or troughs®; the other, which forms the
basis for the work addressed here, treated the case of moder-
ately supersonic interactions with compression corners.” The
second goal of the present study is to reformulate and extend
the latter analysis to include the hypersonic regime, and then
to give comparisons of the resulting interactive heat transfer
predictions with experimental data. The results may be helpful
in understanding purely numerical Navier- Stokes solutions of
the problem that require very fine computational meshes and
large CPU times to resolve the surface heat transfer aspects.

II. Analysis Formulation

A. Assumptions and Governing Equations

We consider two-dimensional steady laminar flow of an
ideal gas in the strong local interaction region associated with
either an impinging shock or a compression corner. We spe-
cifically treat compression corner interactions (Fig. 1); the
companion impinging shock problem follows similar lines.®
Our method of approach is the so-called triple-deck theory in
its leading high-Reynolds-number approximation, recast into a
form suited to nonadiabatic flows by means of the reference
temperature concept combined with total enthalpy formulation
of the energy equation. We note in this regard that whereas
Ref. 7 uses the temperature form of the energy equation, we
here employ a total enthalpy formulation instead because of
the latter’s well-known superior ability to account for the heat
transfer aspects of a viscous flow when the Mach number is
strongly hypersonic.” We shall also address the influence of
large wall cooling on the hypersonic interactive displacement
effect, which was not considered in Ref. 7.

We deal here with the situation where upstream global vis-
cous-inviscid interaction or nose bluntness effects ahead of
the corner may be neglected. The disturbance flow physics
within a short-ranged viscous-inviscid interaction zone may
then be organized into three distinct decks when the Reynolds
number is high"® (Fig. 1): 1) An outer layer external to the
boundary layer consisting of inviscid disturbance flow asso-
ciated with the viscous displacement effect of the underlying
decks, 2) a middle layer containing rotational particle-isentro-
pic nonadiabatic disturbance flow dependent on the boundary-
layer profile, and 3) a thin inner deck of nonadiabatic viscous-
disturbance flow within the linear portion of this profile that
is interactively coupled with the local pressure field. In terms
of the basic small perturbation parameter ¢ = Re; ', these
decks have thicknesses of the order &’L, £*L, and €°L, respec-
tively, along a streamwise interaction zone length of order &’L.
Taken in its leading asymptotic approximation as € — 0 (very
high Reynolds number) this theory yields the following set of
governing disturbance flow equations when the external Mach
number ranges from supersonic to hypersonic: In the middle
deck we have

@
v(x, y) Ve dx ’ .,
—_—— = — - — My,"—1)d 1
Uo(y) Uo. 'YPOJ: ( ) dy M
dU,
u=Ufy) — e (ys + &%) (2)
y
dH,
H = H(y) — — (yp + 8%) 3)
dy

where Uy(y) and Ho(y) = C,T, + U3/2 are the velocity and
total enthalpy profiles of the incoming nonadiabatic undis-
turbed boundary layer, whereas 8* is an unknown displace-
ment thickness that is linked to the interactive pressure per-
turbation as shown later in this paper. We note here that the
term involving the Mach-number profile integral in Eq. (1),
while dropped in the standard triple deck formulation,” is re-
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Fig. 1 Triple deck and flow structure for a compression ramp-
generated interaction region.

tained at this point because it carries a potentially significant
effect of large wall cooling in strongly hypersonic flow. Within
the underlying very thin inner deck, the viscous, heat-con-
ducting disturbance flow is governed by the following equa-
tions:

ou 9
—t+==0 )
ax ady

ou ou » H. U, | dp ou
—+tv—+pt |1+ =12 —=v.—
Yax T Vay TP [ <Hw >Ujdx U oy
(5)
oH oH v, 0°H
u— + — (6)

y— = ~
ax ay  Pr ay

where a term proportional to (Uo/U..)> has been neglected com-
pared to unity in the square-bracket coefficient of Eq. (5),
whereas in Eq. (6) a term proportional to (1 — Pr)d/dy(udu/
dy) has been neglected because of the small velocities in the
inner deck (this is a well-known satisfactory simplification
even in very strongly hypersonic flows”). We also note that the
values of p,, and v,, pertain to the prevailing highly cooled wall
temperature. The solutions of Egs. (5) and (6) are subject to
the no slip/impermeable wall boundary conditions u(x, yz) =
v(x, yg) = 0 on the body surface (yz=0,x = 0; yg = spx, X >
0), where on this surface H(x, yz) = H,, = C,T,, is given with
the corresponding heat transfer to be determined as

—qw="—"—"( Y5 (7)
y

The matching at the aforementioned middle and inner decks
is achieved to the leading asymptotic approximation by en-
forcing the relationships that

TWO
Uimnel(X, y = ©) = — (y — yp — 8%) (8)

wo

Pr(—gq,,
Hipped X, y = @) = Pri=guo) (y -

w0

ye — %) )

where the undisturbed values of the wall shear 1,0 and heat
transfer g,o will be evaluated on the basis of the reference
temperature method as shown next. We also match the vertical
velocity value obtained from the inviscid limit of Eq. (5) as y
— o with the middle deck value given by the y — 0 limit of
Eq. (1). Taking note of Eq. (7), inspection of Eqgs. (3), (6), and
(9) immediately shows that local interactive heat transfer dis-
turbances will occur only if the incoming boundary layer is
also nonadiabatic. We re-emphasize that according to the lead-
ing asymptotic approximation, Eqs. (1-9) are valid for all val-
ues of M.. and T,./T, apias including the presence of wall heat
transfer.
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B. Viscous-Inviscid Interaction Relationship

The forgoing equations must be supplemented by a further
relationship between the interactive pressure and displacement
thickness 8*, and it is here that the analysis becomes special-
ized to the Mach-number regime and streamwise scale adopted
for study. In the present work we are concerned with the local
events in the immediate vicinity of the compression corner (or
shock impingement point) to the exclusion of any larger-scale
effects because of a blunt nose or leading edge. We thus adopt
the p. vs s, relationship given by the tangent wedge approxi-
mation, which is known to be accurate throughout the com-
bined supersonic-hypersonic flow regimes’

e [ (o) ] - 0+)

(10)

In the limit of weak interactions characterized by M2s, << B
this reduces to the linearized supersonic flow value s./3.

C. Rescaling the Problem Using the Reference
Temperature Method

We now reformulate this triple-deck model using the refer-
ence temperature method, because it has been shown to per-
form well in computational predictions of hypersonic com-
pression ramp interaction heating'® and has also provided the
nonadiabatic wall effect on the incipient separation criteria for
such flows.*> According to this method the combined effects
of compressibility and heat transfer on the incoming boundary
layer can be accurately accounted for by evaluating its physical
properties at a reference temperature 7Txrer that depends on vy,
M. and T,/T, aoias- Adopting Eckerts result, which has been
shown to have a fundamental basis in compressible boundary-
layer theory," this gives for air with Pr = 0.72 that

Trer/T- = 0.50 + 0.039M2 + 0.50(T../T.) (11

We take o ~ T with 0.50 = o = 1 and use (dUy/dy).. =
Tuo! Py = N(C i Tree! Te) ™' (Treed T,)p UZ /e plus — ¢, =
Tw(Haoas — C,T)/U.Pr”* (Ref. 11). We now introduce the
nondimensional rescaled variables

£ = [X/LIN" B8 C L3l Taew! T ) (T T > (12)

y = (WILN"*)B e C oSl Trewl T Y (T Te)” "> (13)

i = W/UDB" ke C o\ (T IT. )" (14)

b= WU B CHNY (T, IT.)"? (15)

p=Lp — pp.U2IB"4EC 1Nk (16)
H=p"H — C,T.)/Pr'"*(Hspias — C,T.)

X k" C peN"X(T,IT.)"> (17)

6 = 0/ke®\N"*BC i (18)

§ = (O*/LIN"*k¥B1e°C oA Trer/ TV AT o Trer)” " (19)

where N = 0.332 and Crer = Wrerl»/Trerph- are the Blasius
and Chapman-Rubesin constants, respectively. Note that this
scaling is a unified one that pertains to both supersonic and
hypersonic flow situations, the latter limit pertaining to the
MZ >> 1 limit of Eq. (10). Then after some detailed algebra,
Egs. (1-9) plus the vertical velocity matching yield the fol-
lowing set of universal nondimensional equations governing
the present nonadiabatic interaction problem:

A+ Py dp
§.=V.+ 05= TyB + s,[ﬁ (20)
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a—”f + ﬂ =0 1)
ax ay
Y on dp LR
i+ 9=+ L+ ek == (22)
o 9y  dx ay
ol ol 9*H
d—+ vV —=Pr'— (23)
ax ay a9y
A(f, ) > ©) = § — §, — 8% (24)
HE § > ©) =9 — 9, — &* (25)
where
K, = \N"CET T B "(TJT,) — 1] (26)

Sy = eMIN"BY CR*(Trer/T.)' *(TIT.)" "2 (27)

&
1= f Mo> = 1D dy + Jus — (MO} (28)

Iis

is a nondimensional boundary-layer Mach-number profile in-
tegral that is of order unity. These equations are to be solved
subject to the boundary conditions @ = ¥ = H = 0 along § = 0
for £ < 0 and y = Y5 = 0% for £ = 0. Similarly, Eq. (10) yields
the nondimensional pressure relationship

P =5IV1 + (Ky8.)” + Ku$.] (29)

where K,; = (y + DN">M 2 C gire’/4B"? is a new local viscous
interaction parameter that is proportional to X">. We note that
Eq. (29) generalizes the p — §, relationship of classical triple-
deck theory to the case of arbitrary hypersonic Mach numbers;
in the limit K5, — 0, it passes over to the usual linearized
supersonic result p = §.. Again, the foregoing equations apply
to short-ranged local interactions at all M., and T,,/T, apias Val-
ues, within the leading order of asymptotic high-Reynolds-
number approximation and reference temperature concept
adopted.

At this point it is possible to simplify the foregoing equa-
tions in two significant ways for the practical applications en-
visioned by the present study. First, because the effective
height of the inner deck (units of ¥) is very small, we find that
the term €K,y in Eq. (22) can still be neglected compared to
unity even for rather cold walls; although H../h,, >> 1 for such
walls, an estimate of ¥, based on the inner deck theory of
Lighthill”” shows that &K, Y is always small provided h,,/H..
is above the hypersonic threshold value of 4x"*(T,/T.)/
MZ(Tx/T.)°"", which is a very small value indeed (0.10 or
less), unless the interaction parameter X is unrealistically large
compared to unity. Second, we find (Appendix A) that for the
highly cooled wall conditions encountered on practical hyper-
sonic aerodynamic vehicles and test facility models, the values
of h,/H.. involved (typically =0.1) are still large enough to
yield negligible values of the hypersonic interaction term
S;1(dp/dxX) compared with the other terms in Eq. (20), unless
(again) the interaction parameter X is very large compared to
unity. Numerical studies of the effect of this term on the so-
lution of Eqgs. (21) and (22) confirm it to be small when S,/
is small."”?

For the foregoing reasons, we shall hereafter neglect the
terms involving S;and €K, ¥ in Egs. (20) and (22), respectively.
This in turn reduces the resulting triple-deck Egs. (20-25) to
a form that has already been studied extensively. We now ex-
amine the consequent similitude laws governing the local in-
teractive pressure and heat transfer.
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III. Interactive Pressure Field

A. Upstream Influence

The distance x,, that the interaction extends upstream of the
corner is an important physical property of the aerodynamic
effect of the interaction. The nondimensional scale of this up-
stream influence is obviously a multiple of the coordinate £;
specifically, just prior to separation, numerical solution' of the
foregoing triple-deck problem has shown that the upstream
pressure decays like exp(£/1.209) for £ < 0, so that we may
define £,, = 1.209. Then conversion back to physical variables
from Eq. (7) yields

Xup/L = 1.209(Tr/To)' "8 Creel To/T) (T, To)" " IB* Nk
(30a)

or

/! L)IMZ (To/TD1Y? = 1.209N "™ Y(TR/To)' ™

X (T To)" (M. 1B)XT™" (30b)

These relationships, which extend the earlier works of Stew-
artson' and Lighthill,”” bring out several significant physical
features of the upstream influence. First, it clearly shows that
wall cooling (T,, << T,) significantly reduces the streamwise
extent of the interaction compared to the adiabatic wall case.
This prediction is well supported by the available experimental
evidence on hypersonic compressive interactions. Figure 2
shows an example from the well-known M. = 4-6 study of
Lewis et al.,"* where incorporation of this cooling effect on
the nondimensional x scaling of the interactive pressure data
in the manner of Eq. (30) correlates both cooled (7, = 0.247T))
and adiabatic wall data on virtually one curve. Second, Eq.
(30b) indicates that x,,/L in strongly hypersonic flow ( =
M.) scales as X*, whereas in the more general supersonic-to-
moderately hypersonic case it shows that the appropriate pa-
rameter is more generally the unified interaction parameter X
= M..x/B, which, of course, passes over to ¥ in the similitude
governing the other features of the interaction to follow. Third,
Egs. (30) imply that the upstream influence decreases signifi-
cantly with increasing Mach number, being proportional to

M ™ for » = 1 at hypersonic speeds.

B. Incipient Separation Criteria

The analytical and numerical solution of the triple-deck Eqs.
(20-29) has been studied extensively.">" These studies show
that over a wide range of X and 7..T\.amias, the local wall shear
stress vanishes slightly upstream of the corner at approxi-

eme— Present theory ,.‘W
20 F ﬁ”'i o
16 |
w2l
8

Data ! [cooled (T}, = .24T,) and
adiabatic wall Moo = 4 to 6 study]

L L 1 L 1

~8° 4 0 4 8 12 16 20 24

Fig. 2 Universal correlation of wall pressure distributions for
nonadiabatic interactions.

mately the same value of the nondimensional deflection angle,
namely, ém, = 1.57. That is, ém, is virtually independent of the
parameter K, even though the streamwise location x;, itself
may depend on K. This conclusion is verified a posteriori by
agreement of its subsequent predictions with experiment as
shown later in this paper. It is further supported by a detailed
analysis of the inner deck vertical velocity field (see Appendix
B) and by the general similitude analysis of hypersonic lami-
nar-free interactions given in Ref. 2. The desired scaling law
governing M..0;, is then obtained as

(M..IBM..0;, = 1.5T\"*k(X)"? = K(\)"* (31)

which again involves the new unified interaction parameter x
(the appearance of the factor M./ involved might have been
anticipated on the basis of Van Dyke’s'” unified supersoni-
c-hypersonic similitude rule governing the inviscid portion of
the flow). In the strongly hypersonic limit B — M.. >> 1, Eq.
(31) passes over to the relationship M.. 0, = K(x)"> with K =
1.4-1.5 that has been found'® to successfully correlate a large
body of experimental data over a wide range of Mach and
Reynolds numbers for both weak (x < 1) and strong (x > 1)
interactions as discussed in Ref. 4. Further support of Eq. (31)
from numerical computations has also been recently found in
high-resolution Navier-Stokes solutions.'”” We note that Eq.
(31) further implies 6;, ~ L(M2 — 1)/Re, 1" i.e., a slow re-
duction of 0;, with either increasing Re; or decreasing M... As
regards the wall temperature effect, it is contained entirely in
the parameter Crer to the present approximation (see Ref. 4
for further elaboration on this aspect of the similitude).

One may alternatively express the foregoing incipient sep-
aration criterion in terms of pressure rise. To do this we first
note that the interactive displacement thickness slope is nec-
essarily proportional to the compression corner angle and,
hence, upstream that §, = K; 0;,, where K; remains essentially
constant (=~0.7-0.8) over a wide range of X values. Then com-
bining this with Eqs. (18) and (21) and converting back to
physical variables yields the following result regardless of the
physical location x;:

Pis. — D=

- ~1/2 {\/ [(’Y + ]> *’]/2}2
= Cyux 1+ Cux
Yp- 4
,Y + ] ~1/2
+ < 4 > C4X } (32)

where C4, = 1.57K;. In the weak interaction limit at moderate
supersonic speeds where ¥ << 1, Eq. (32) predicts that

N

Pis. — D= ~1/2

= C,x (33a)
Yp-

or
Cy,. ~ (Crgxl/Rer)"™ (M2 — 1) (33b)

which is in fact a well-known scaling law for the free inter-
action zone of both ramp and impinging shock-generated lam-
inar separating flows at supersonic and moderately hypersonic
speeds."” Additional discussion of this limit and its further ex-
tension down to transonic speeds can be found in Ref. 4.

On the other hand, for strong interactions at hypersonic
speeds with ¥ >> 1. Eq. (32) predicts the separation pressure
scaling

= P + 1) .
PP (o (v )x (34)
YP- 2

which exhibits a stronger (~x) dependence on X than the weak



340

B>

DATA: REF. 18
THECRY: EQ. 32 (K5= 80)

10

1 l ] ] 1
01 1 1 10

Fig. 3 Predicted pressure rise for incipient separation and com-
parison with experiment.

interaction result of Eq. (33). These predictions are well cor-
roborated by a large body of experimental data,'® as shown in
Fig. 3: At small x << 1 the observed incipient separation pres-
sures scale as X", whereas at larger X = 1 they clearly follow
the linear dependence on X indicated by Eq. (34). This pre-
dicted switchover behavior in the ¥ dependence of incipient
separation pressure, which up to now has been observed but
unexplained, is a significant result of the present work; it is
now seen to follow from the leading asymptotic local approx-
imation of triple-deck theory combined with the tangent wedge
approximation for the outer inviscid flow. Moreover, the good
agreement of the pressure predictions over such a wide range
of supersonic to strongly hypersonic conditions lends addi-
tional a posteriori support to the universality of the incipient
separation angle criterion Eq. (31) on which these predictions
are based.

IV. Heat Transfer Predictions and
Experimental Comparisons

Because Eq. (23) governing H is of the same form as the
equation governing 7 derived in Ref. 7, we may adapt its nu-
merical results to the present problem. Thus, we obtain for the
local small-scale interactive heat transfer behavior (normalized
to the upstream noninteractive value) the typical predictions
shown in Fig. 4 for Pr = 1. These curves (which do not include
allowance of the large-scale hypersonic viscous interaction ef-
fect that occurs downstream of the corner), clearly show how
the adverse pressure-induced reduction in heating grows in di-
rect proportion to the strength of the interaction, with a sharply
peaked minimum at the shock foot, i.e., at the corner, as long
as the flow remains unseparated. For the stronger interactions
that promote local separation, on the other hand, this peaking
quickly disappears into a broader smoothed minimum. These
local heating minima would be slightly lower for Pr = 0.72 in
air.

For sufficiently weak interactions where separation does not
occur, it is shown in Appendix B that the solutions of Eq. (23)
upstream of the interaction are virtually independent of the
external pressure field and, hence, can be applied to hypersonic
as well as supersonic external Mach number flows. Accord-
ingly, we may seek to directly compare the present theoretical
predictions with experimental data obtained for hypersonic
corner interactions provided we account for the added influ-
ence of the larger-scale viscous-inviscid effect caused by the
thickening boundary layer downstream of the corner when M.,
is large (the appropriate theory has been given in detail by
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Fig. 4 Typical nondimensional interactive wall property distri-
butions according to asymptotic theory: a) pressure and b) heat
transfer.

Stollery'®). This is done in Fig. 5, where the local heat transfer
distributions measured by Needham®™ in a Mach 9.7 interacting
corner flow of varying angles are compared with the theoret-
ical predictions. Regarding the small-scale, triple-deck aspect
of the interaction upstream and immediately at the corner, it
is seen that the predicted deepening of the heat transfer reduc-
tion with increasing interactive strength and its associated
sharply peaked minimum at the shock foot are both clearly
confirmed by the data. Moreover, the rather abrupt disappear-
ance of the sharp minimum peak after separation indicated by
the theory (see preceding text) is also experimentally corrob-
orated. Needham™ suggested that this feature would in fact
serve as an incipient separation onset criterion: The present
work now provides firm theoretical support for this empirical
conclusion. Additional heat transfer data from several other
investigators™** also bear out these conclusions, as do numer-
ical results obtained from interacting boundary-layer solutions
on a rounded compression ramp.”

Concerning the interaction zone downstream of the corner,
it is seen from Fig. 5 that the locally developing large-scale
viscous interaction effect'” at this truly hypersonic Mach num-
ber of 9.7 (shown here for the single corner angle treated in
Ref. 19) completely overwhelms the wake of the small-scale,
triple-deck structure, producing a very rapid pressure and heat
transfer rise in rough agreement with the experimental data.
This behavior is consistent with basic analysis showing that
cooled hypersonic boundary layers in adverse pressure gradi-
ents actually thin out with a corresponding increase in the heat
transfer*

Concluding Remarks
This investigation has established a firm theoretical foun-
dation (in the high Re limit of triple-deck theory) for well-
established but up to now, empirical, deflection angle, pressure,
and local heat transfer criteria for incipient separation caused
by shock-boundary-layer interaction. We have addressed the
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Fig. 5 Comparison of theory with experiment. Validation of Needhams empirical heat transfer criterion for incipient separation.

issue of hypersonic flows, where the inviscid flow pressure-s-
treamline deflection relationship involves the nonlinear effects
occurring at high Mach numbers. The analysis has further em-
phasized the perturbation heat transfer aspect of the interaction
zone by adding explicit treatment of the disturbance energy
equation.

Appendix A: Parameter S,

The cold-wall interaction parameter S;, defined by Eq. (27),
can be conveniently rewritten in terms of the combined su-
personic-hypersonic interaction parameter X = Mox/B as

w+1/2 1-w/2
)\5/40'(:)1/4 L . M*_ L
Tw (T,/TX)HLQ/Z TR
(1+20)/2

)\5(|+2m)/2(>~<-)1/2(1+2m)(7~ /TR)(Ifm)/] +2m[M2 (T. /T)z+m]|/1 +20
T,/T,

Sy

(A1)

where Eq. (A1) is proportional to x"* (7./T.)°" ">, the cold-
wall interaction parameter used in the consideration of very
strong cold-wall interactions."* However, closer inspection and
evaluation of the alternative expression [Eq. (A2)] reveals that
S; is, in fact, still small under the typical highly cooled wall
temperatures encountered in practice (7,,/T, > 0.10), unless x
takes on unrealistically large values.

Appendix B: Vertical Flowfield

The underlying reason for the deflection-angle incipient sep-
aration criterion [Eq. (31)] can be extracted from an analysis
of the vertical velocity disturbance field ¥, as follows. The key
basic equation governing this can be obtained by successively
differentiating momentum Eq. (22) with respect to ¥ and £,
and then using dp/dy = 0 and the continuity equation to largely
eliminate # in favor of V; the result is

av 9 (a%) (azu> v 9w 9 (a%)

vl Sl Bl Bl Bl Bl U Siiedl o1 (B1)

ay dx \ay a4y~ ) ox a9y ay \ay
It is important to note here that the pressure and, hence, its
specific law of deflection angle dependence, has been elimi-
nated explicitly. Now, under the conditions prior to or just at
incipient separation, the interactive viscous flow close to the
surface can be taken as one of small angular disturbance, i.e.,
small v/u, regardless of whether it is supersonic or strongly
hypersonic; in the leading approximation for such a flow; we
thus neglect the second-order terms in v on the right side of
Eq. (B1) and to the same consistent order of approximation
replace the coefficients of v involving u on the left by their
undisturbed values based on & = y. Regardless of the Mach-
number regime or whether the pressure-deflection angle rela-
tionship is linear or not, the ¥ field close to the wall for un-
separated to incipiently separated flow is therefore governed
by the simplified equation

a9 (9%
o o \ay) T "
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We note that this equation is a fundamental relationship un-
derlying the so-called free interaction concept.

Equation (B2), which is homogenous in 8*$/dy> is to be
solved subject to the inner impermeable wall no-slip conditions
that ¥(x, 0) = 99¥/9y(£, 0) = 0 and an outer far-field condition
of vanishing viscous shear stress 9°%/dy> — 0 at sufficiently
large ¥. This solution involving an Airy function, A,(¥), is well
known: Confining attention to the region x < 0 upstream of
the corner or shock impingement point it is'

P = ce®¥" |:z J' Az) dz — J' 7A((2) dZ} (B3)

where z = (0.827)"7 ¥, and c is a constant that is directly pro-
portional to the corner deflection angle. In particular, at large
¥ outside the inner deck, where i@ = ¥y, Eq. (B3) yields the
following value for the local streamline slope (flow angle):

ﬁ/ﬁ — 6160.8272 (B4)

where ¢’ = (0.827)"”c [o A:(z) dz = 0.313c. Thus, at the station
£ = 0, where incipient separation approximately occurs, Eq.
(B4) predicts that the flow deflection angle is proportional
to a constant, which in turn, is directly proportional to the
nondimensional compression corner angle 0;s regardless of
the Mach-number regime. This is exactly what is observed and
embodied in Eq. (31).

Regarding the corresponding heat transfer aspects, we note
that the inner deck energy equation, Eq. (23), reduces to the
following relation for the upstream v field of Eq. (B2):

1 97 Y\ A
— %) g =y BS
<Pr6)?2 yax) Y (BS)

where H = H — § is the local perturbation and A'(x, 0) = 0.
This equation shows that A’, like ¥, is independent of the de-
tails of the pressure-deflection relationship or the Mach-num-
ber regime in the upstream interaction zone.
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